
åÍ¡Ú 2021.1.4

ò! {âK(zK7©,4K,O28©)

1. › A =

0

@
1 0 �2
0 2 0
�1 0 1

1

AßÖ A2B +A = B + Eß¶› B 91™ |B|.

2.  ↵ = (1, 1,�1)T ¥› A =

0

@
2 �1 2
5 a 3
�1 b �2

1

A òáAï˛ß¶~Í a, b ä.

3. ↵ è n ë¢¸†ï˛ßA = E � k↵↵T è›ß¶¢Í k äâå.

4.  A =

0

@
a 0 0
0 b 0
0 0 c

1

A , B =

0

@
b 0 0
0 c 0
0 0 a

1

Aßy A Ü B ‹”ß=3å_› Pß¶ B = PTAP .

! (K12©) Æg. f = x2
1 + x2

2 + x2
3 + 2ax1x2 + 2x1x3 + 2bx2x3 CÜåzè

IO/ f = 2y21 + y23ß¡¶ a, b.

n! (K12©) 3¢È°› A à1ÉÉ⁄—è2ßï˛ ↵1 = (1, 0,�1)T,↵2 = (1,�1, 0)T

èÇ5êß| Ax = 0 ¸á).
(1) ¶ A ‹AäÜAï˛; (2) ¶› Pß¶ PTAP èÈ; (3) ¶› A.

o! (K12©)  n › A = (↵1,↵2, · · · ,↵n�1,↵n) c n� 1 áï˛Ç5'ß
q ↵n = ↵2 + ↵3 + · · ·+ ↵n�1. - � = ↵1 + ↵2 + · · ·+ ↵n.
(1) yµêß| Ax = � k°ı|); (2) ¶êß| Ax = � œ).

 ! (K12©)  A èn›ß�1,�2,�3 ¥ A náÿ”Aäß
ÈAAï˛©Oè ↵1,↵2,↵3ß- � = ↵1 + ↵2 + ↵3.
(1) y �, A�, A2� Ç5'; (2) e A3� = A�ß¶ù r(A� E) 91™ |A+ 2E|.

8! (K12©) ÆÇ5òm R3 ƒ ↵1,↵2,↵3 ƒ �1,�2,�3 Lfi›è PßÖ

↵1 =

0

@
1
0
1

1

A ,↵2 =

0

@
1
2
2

1

A ,↵3 =

0

@
0
1
0

1

A , P =

0

@
2 1 2
4 0 3
3 �2 2

1

A.

¡¶µ(1) ƒ �1,�2,�3; (2) 3ƒ ↵1,↵2,↵3 Ü �1,�2,�3 e‰kÉ”ãI‹ï˛.

‘! (K12©) (1) Æ› A ù r(A) = 1ßyµ3ö"ï˛ ↵ ⁄ �ß¶ A = ↵�T.
(2) Æ› A = ↵1�T

1 + ↵2�T
2ßŸ•ï˛ ↵1,↵2 Ç5'ß�1,�2 èÇ5'ßyµr(A) = 2.

1



åÍ¡Ú 2022.1.4

ò! {âK(zK7©,4K,O28©)

1. Oé1™

��������

20 22 0 0
22 20 0 0
16 30 1 4
30 16 4 1

��������
ä.

2. ¶Üï˛ ↵ = (1, 1, 1)T,� = (2, 0, 1)T ˛Ö›è3ï˛.

3. 3¢È°› A náAäè �1, 1, 3. ¶g. f(x, y, z) = (x, y, z)A⇤(x, y, z)T .5çÍ
⁄K.5çÍßŸ• A⇤ ¥ A äë›.

4. Æ A =

0

@
1 2 1
2 1 1
�1 4 1

1

Aß¶ R3 fòm V = { Ax | x 2 R3 } ëÍ.

! (K12©) ¶ï˛| ↵1 = (1,�1, 2, 4)T,↵2 = (0, 3, 1, 2)T,↵3 = (3, 0, 7, 14)T,↵4 = (1,�1, 2, 0)T,↵5 =
(2, 1, 5, 6)Tù,Èßòá4åÇ5'|øÚŸ{ï˛Làè˘|4åÇ5'|Ç5|‹.

n. (K12©)  A,B,C ¥ná n ¢êß˜v r(AB) = r(B). ¡y r(ABC) = r(BC).

o. (K12©) - A =

0

BB@

0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

1

CCA , B =

0

BB@

a b c d
d a b c
c d a b
b c d a

1

CCAßŸ• a, b, c, d ¥¸¸ÿ¢Í.

(1) Oé A2, A3, A4; (2) ¶ B §kAä9ŸÍ.

 . (K12©) Ç5òm R4 •k¸|ƒ. "1 = (1, 1, 1, 1)T, "2 = (1, 1,�1,�1)T, "3 = (1,�1, 1,�1)T,
"4 = (1,�1,�1, 1)T ⁄ ⌘1 = (1, 1, 0, 1)T, ⌘2 = (2, 1, 3, 1)T, ⌘3 = (1, 1, 0, 0)T, ⌘4 = (0, 1,�1,�1)T.
(1) ¶lƒ. "1, "2, "3, "4 ƒ. ⌘1, ⌘2, ⌘3, ⌘4 Lfi› P ;
(2) ¶ ⇣ = (1, 0, 0, 2)T 3ƒ. ⌘1, ⌘2, ⌘3, ⌘4 eãI.

8. (K12©) - A è n ¢È°›.
(1) yÈu?øÍ kß7,3¢È°› B ¶ B2k+1 = A;
(2) e3¢›C˜vA = C2ß¥ƒå±`A¥å›e¥,â—y.eÿ¥,â—~f.

‘. (K12©) ‰kñXÍ a > 0 g. f(x, y, z) = 2x2 + 13y2 + 13z2 + 2ayz LCÜ
åCèIO/ g(u, v, w) = 8u2 + 2v2 + 18w2. ¶ a øÈ—òá˘CÜ.

1



HÆåÍ¡Ú 2022.6.13

ò! {âK(zK7©,4K,O28©)

1. Oé1™

��������

a 0 0 b
0 a b 0
0 b a 0
b 0 0 a

��������
ä.

2. - A =

0

@
4 7 1
6 3 2
1 0 4

1

AßOé ((A⇤)T)⇤.

3. ¶¶ê

0

@
3 x 0
x 4 y
0 y 5

1

A §k¢ÍÈ (x, y) 3°ÜãIX•§§´ç°».

4. ¶ ↵1 = (0, 2, 1, 1, 0)T,↵2 = (3, 4, 2, 1, 1)T,↵3 = (0, 0, 0, 7, 2)T,↵4 = (1, 0, 0, 2, 1)T ò|4å'|ß
øÚŸ{ï˛Làè4å'|Ç5|‹.

! (K12©) |^©¨›Oé

0

BB@

0 1 2 3
1 0 3 2
0 0 0 1
0 0 1 0

1

CCA

n

, (n � 1).

n. (K12©) Ç5êß| AX = B • r(A) = 2. ↵1,↵2,↵3 ¥Ÿ)ï˛ß˜v 4↵1 � 3↵2 = (1, 0, 2, 1)T,
2↵2 + ↵3 = (0, 3, 9, 3)T,↵1 + 3↵3 = (0, 0, 4, 4)T. ¶ AX = B œ).

o. (K12©) ^CÜÚ¢g. f(x, y, z) = 3x2 + 4y2 + 5z2 + 4xy � 4yz z§òáIO/ø¶
f(x, y, z) .5çÍ⁄K.5çÍ.

 . (K12©) Ç5òm R3 •k¸|ƒ ↵1 = (1, 1, 0)T,↵2 = (0, 1, 2)T,↵3 = (2, 0, 0)Tß
⁄ �1 = (3, 2, 2)T,�2 = (0, 2, 0)T,�3 = (�2, 2, 4)T. ¡^ �1,�2,�3 Ç5|‹Là ↵1,↵2,↵3.

8. (K12©) - A è n ¢XÍÈ°ê.
(1) y A Aäè1-1.
(2) yå±È n á¸¸¸†ï˛ ↵1,↵2, · · · ,↵m,�1,�2, · · · ,�n�m ¶

A↵i = ↵i, A�j = ��j , (1  i  m, 1  j  n�m).

‘. (K12©) (1) Oén˛n¢êN⁄nen¢êN©O§¢Ç5òmV⁄WëÍ.
(2) Oé¢Ç5òm V \W ⁄ V +W ëÍ.

1



åÍ¡Ú 2023.2.21£œºúÚ§

ò! {âK(zK7©ß4KßO28©)

1. Oé1™

��������

1 2 3 4
2 2 3 4
3 3 3 4
4 4 4 4

��������
ä.

2. Oé A =

0

BBBB@

0 2 2 2 2
2 0 2 2 2
2 2 0 2 2
2 2 2 0 2
2 2 2 2 0

1

CCCCA
Aä9ŸÍ.

3. › A =

0

BB@

p
3

2

1

2

�1

2

p
3

2

1

CCA. ¶ÅÍ n ¶ A
n = E2 §·.

4. ¶ ↵1=(1, 1, 1, 1, 1)T,↵2=(5, 3, 0,�7, 2)T,↵3=(3, 2, 4, 1, 0)T,↵4=(4, 3,�2,�6, 4)T ò|
4åÇ5'|.

!(K12©) - ↵,�, � 2 R3 èò|¸¸¸†ï˛ß- A = �↵
T + ��

T + ↵�
T.

(1) ¶ A↵, A�, A�. â— A òá·uAä 1 Aï˛. (6©)
(2) ¶ |A| ⁄ tr(A). (6©)

n!(K12©)  A =

0

@
1 a 0
b 1 a

0 b 1

1

A , (a, b � 0).

(1)  a = 1, b = 2 ûß¡¶ê P ¶ P
�1

AP èÈ›. £10©)
(2)  a, b ˜vüo^áû A {Èz (2©)

o!(K12©) ^ê{Ú¢g. f(x, y, z) = x
2 + 5y2 � 2xy + 2xz + 6yz z§òáIO/ßç—

§^Ç5CÜø¶ f(x, y, z) .5çÍ⁄K.5çÍ.

 !(K12©) - V = { x : x = C1 + C2 cos t+ C3 cos2 t+ C4 cos3 t, Ck 2 R, t 2 [0,2⇡] } è¬3
[0, 2⇡] ˛ºÍ8.
(1) y V NÉÈºÍ\{⁄Í¶$é§òá R ˛Ç5òm. (6©)
(2) y { 1, cos t, cos2 t, cos3 t } è V ò|ƒ. (6©)

8!(K24©)  B è n ¢È°›ßE è n ¸†›.

(1) Oé

✓
E �B

O E

◆T ✓
E B

B E

◆✓
E �B

O E

◆
. (6©)

(2)  A è m ¢È°›ßC è m å_¢›. y A Ö= C
T
AC . (6©)

(3) y E �B
2 èÈ°›. y E �B

2 Ö= B §kAä˝Èäu1. (6©)

(4) |^±˛(ÿy¢È°›

✓
E B

B E

◆
Ö= B §kAä˝Èäu1. (6©)

1



åÍ¡Ú 2023.6.14

ò! {âK(zK7©ß4KßO28©)

1. › A =

0

@
2 1 0
3 2 0
2 4 �2

1

A , B =

0

@
2 1 2
0 3 �1
0 0 5

1

A , C = ABßOé1™ |C| ä.

2. › A =

0

BB@

2 3
1 �2
�1 3
2 5

1

CCA

✓
1 �1 2 3
2 1 �2 9

◆
ß¶‡gÇ5êß| Ax = ✓ ƒ:)X.

3. kg. f(x1, x2, x3) = 3x2
1 � 2x1x2 + 2x2

2 � 4x2x3 + 4x2
3ßOég.K.5çÍ.

4.  T è3ë¢Ç5òm V ˛Ç5CÜß✏1, ✏2, ✏3 è V ˛ò|ƒßV •3áï˛ ↵1,↵2,↵3 k'X
T↵1 = ↵3, T↵2 = ↵1, T↵3 = �↵2ß↵1,↵2,↵33ƒ ✏1, ✏2, ✏3eãIè (1, 0, 0)T, (�1, 2, 0)T, (1, 2,�1)Tß
¶ T 3ƒ ✏1, ✏2, ✏3 e› A.

!(K12©)  A =

0

@
k 1 1
1 2 1
1 1 2

1

AßŸ• k èÎÍ.

(1) e � = (1, 2, 1)Tß¶ÎÍ k âå¶ �, A�, A2� Ç5É'.
(2) e A kAä 1, 2, 5ß¶ÎÍ k âå.

n!(K12©)  A 2 R3⇥3 kAä �1 = 1,�2 = 2,�3 = 3ß↵1 = (1, 2, 1)T,↵2 = (2, 1, 1)T,
↵3 = (2, 0, 1)T èÈAAï˛.

(1) Oé B = 2E +A Aä⁄Aï˛.
(2) e C 2 R3⇥3 k'X C↵1 = (1 + �1)↵1, C↵2 = (2 + �2)↵2, C↵3 = (3 + �3)↵3ßOé› C.

o!(K12©)  A =

0

@
1 2 �1
2 �2 2
�1 2 1

1

Aß¶› Q ¶ QTAQ èÈ›.

 !(K12©)  f(x1, x2, · · · , xn) = f(x) = xTAx è¢g.ßŸ• A 2 Rn⇥n, AT = A,
x 2 Rnß↵1,↵2, · · · ,↵n 2 Rn èÇ5'ï˛|.

(1) yeg. f(x) èg.ßKk f(↵i) > 0, i = 1, 2, · · · , n.
(2) fi—á~`d f(↵i) > 0, i = 1, 2, · · · , n ÿU— f(x) ¥g..

8!(K12©)  W1,W2,W3 è R4 ˛fòmßŸ• ↵1 = (1,�2, 1, 2)T,↵2 = (1, 0,�5, 6)T è W1 
ò|ƒß�1 = (1,�1,�2, 4)T,�2 = (�2, 3, 2, 2)T è W2 ò|ƒß�1 = (1, 2,�1,�2)T,
�2 = (2, 1, 2,�4)T è W3 ò|ƒ.

(1) ¶fòm W1 +W2 ò|ƒ.
(2) ¶fòm (W1 +W2) \W3 ò|ƒ.

‘!(K12©) (1) A=(aij)n⇥n2Rn⇥n ˜v|aii| >
P

j=1,2,···n
j 6=i

|aij |, i = 1, 2, · · · , nßyAx = ✓êk").

(2)  B = (bij)n⇥n 2 Rn⇥nßs = 1 +
nP

i=1

nP
j=1

|bij |ß|^(1)(ÿy› C = sE +B å_.

1



åÍ¡Ú âY 2021.1.4

ò! {âK(zK7©,4K,O28©)

1. › A =

0

@
1 0 �2
0 2 0
�1 0 1

1

AßÖ A
2
B +A = B + Eß¶› B 91™ |B|.

)µd A
2
B +A = B + E å (A� E)(A+ E)B = E �AßÖ |A� E| = �2 6= 0ß

 (A+ E)B = �EßB = �(A+ E)�1 = �

0

@
2 0 �2
0 3 0
�1 0 2

1

A
�1

= �

0

@
1 0 1
0 1/3 0
1/2 0 1

1

Aß|B| = �1/6.

){µd A
2
B +A = B + E å (A2 � E)B = E �Aß

 B = (A2 � E)�1(E �A) =

0

@
2 0 �4
0 3 0
�2 0 2

1

A
�1 0

@
0 0 2
0 �1 0
1 0 0

1

A =

0

@
�1 0 �1
0 �1/3 0

�1/2 0 �1

1

Aß|B| = �1/6.

){nµd A
2
B +A = B + E å (A2 � E)B = E �Aß)›êß

(A2 � E,E �A) =

0

@
2 0 �4 0 0 2
0 3 0 0 �1 0
�2 0 2 1 0 0

1

A
�1

!

0

@
1 0 0 �1 0 �1
0 1 0 0 �1/3 0
0 0 1 �1/2 0 �1

1

Aß

 B =

0

@
�1 0 �1
0 �1/3 0

�1/2 0 �1

1

Aß|B| = �1/6.

2.  ↵ = (1, 1,�1)T ¥› A =

0

@
2 �1 2
5 a 3
�1 b �2

1

A òáAï˛ß¶~Í a, b ä.

)µA↵ =

0

@
2 �1 2
5 a 3
�1 b �2

1

A

0

@
1
1
�1

1

A =

0

@
�1
a+ 2
b+ 1

1

Aßd A↵ Ü ↵ Ç5É'ß
�1

1
=

a+ 2

1
=

b+ 1

�1
.

) a = �3, b = 0.

){µœè A↵ = �↵ß

8
<

:

�1 = �,

a+ 2 = �,

b+ 1 = ��.

ß) � = �1, a = �3, b = 0.

){nµA↵ =

0

@
2 �1 2
5 a 3
�1 b �2

1

A

0

@
1
1
�1

1

A =

0

@
�1
a+ 2
b+ 1

1

Aßd A↵ Ü ↵ Ç5É'ß r(↵, A↵) = 1"

 (↵, A↵) =

0

@
1 �1
1 a+ 2
�1 b+ 1

1

A !

0

@
1 �1
0 a+ 3
0 b

1

Aßå a = �3, b = 0.

3. ↵ è n ë¢¸†ï˛ßA = E � k↵↵
T è›ß¶¢Í k äâå.

)µd r(E �A) = 1 å 1 è A  n� 1 Aäßqœè A↵ = (1� k)↵ß
§± 1� k è A  1 Aäßd A  1� k > 0 = k < 1.

){µ B = ↵↵
Tßd ↵ è n ë¢¸†ï˛ßå B

2 = ↵(↵T
↵)↵T = Bßu¥ B

2 �B = O.
 � è B Aäß⇠ èÈAAï˛ßKk ✓ = O⇠ = (B2 �B)⇠ = (�2 � �)⇠ß
k �

2 � � = �(�� 1) = 0ß= B Aä � = 0 ˆ1ßu¥ A⇠ = (E � kB)⇠ = (1� k�)⇠ß
= A Aäè 1 ˆ 1� kßdu A ß 1� k > 0ß= k < 1.

){nµd¸†ï˛ ↵ EIOï˛| �1,�2, · · · ,�nßŸ• �1 = ↵ß- P = (�1,�2, · · · ,�n)ß
Kk ↵

T
P = ↵

T(↵,�2, · · · ,�n) = (e1, 0, · · · , 0) = E11ßu¥

P
T
AP = E � kP

T
↵↵

T
P

T = E � kE
T
11E11 =

0

BBB@

1� k

1
. . .

1

1

CCCA
,duA,1� k > 0,= k < 1.

){oµ?nëï˛ x 6= ✓ßA = E � k↵↵
T è›ßá˜v x

T
Ax = x

T
x� k(↵T

x)2 > 0ß
w, ↵

T
A↵ = ↵

T
↵�k(↵T

↵)2 = 1�k > 0.  1�k > 0ûßdÖ‹ÿ™ (↵T
x)2  (xT

x)(↵T
↵) = x

T
xß

1



↵
T
x 6= 0 ûk x

T
Ax = x

T
x� k(↵T

x)2 � (↵T
x)2 � k(↵T

x)2 = (1� k)(↵T
x)2 > 0ß

↵
T
x = 0 ûw,k x

T
Ax = x

T
x� k(↵T

x)2 = x
T
x > 0ß k ˜v k < 1.

4.  A =

0

@
a 0 0
0 b 0
0 0 c

1

A , B =

0

@
b 0 0
0 c 0
0 0 a

1

Aßy A Ü B ‹”ß=3å_› Pß¶ B = P
T
AP .

yµùgÜ A 11,21ß12,31ß”ûâÉAˆäßåÚ A ‹”CÜñ Bß

= P =

0

@
0 0 1
1 0 0
0 1 0

1

Aßå¶ B = P
T
AP . (P èå±è

0

@
0 0 ±1
±1 0 0
0 ±1 0

1

A •?¤ò´›).

y{µ¥ A kAä �1 = a,�2 = b,�3 = cßÈAAï˛ ⇠1 =

0

@
1
0
0

1

A , ⇠2 =

0

@
0
1
0

1

A , ⇠3 =

0

@
0
0
1

1

Aß

K- P = (±⇠2, ±⇠3, ±⇠1)ßK P è，且 P �1
AP = P TAP =

0

@
�2 0 0
0 �3 0
0 0 �1

1

A =

0

@
b 0 0
0 c 0
0 0 a

1

A = B.

(5µ^ P = diag(

r
b

a
,

r
c

b
,

r
a

c
) ¥Üßœè a, b, c åUè0)

! (K12©) Æg. f = x
2
1 + x

2
2 + x

2
3 + 2ax1x2 + 2x1x3 + 2bx2x3 CÜåzè

IO/ f = 2y21 + y
2
3ß¡¶ a, b.

)µd A =

0

@
1 a 1
a 1 b

1 b 1

1

A ⇠

0

@
2

0
1

1

A = Bßå A� E ⇠ B � Eß

å |A| = 2ab� a
2 � b

2 = |B| = 0, |A� E| = 2ab = |B � E| = 0ßœd a = b = 0.

){µd A =

0

@
1 a 1
a 1 b

1 b 1

1

A ⇠

0

@
2

0
1

1

Aßå A kAä � = 2, 0, 1ßì\Aıë™ |�E �A| 

|2E �A| = �a
2 � b

2 � 2ab = 0, |0E �A| = a
2 + b

2 � 2ab = 0, |E �A| = �2ab = 0ß) a = b = 0.

){nµd A =

0

@
1 a 1
a 1 b

1 b 1

1

A ⇠

0

@
2

0
1

1

Aßå A kAä � = 2, 0, 1ß

 |�E �A| =

������

�� 1 �a �1
�a �� 1 �b

�1 �b �� 1

������
= �

3 � 3�2 + (2� a
2 � b

2)�+ (a2 + b
2 � 2ab)

= (�� 2)�(�� 1) = �
3 � 3�2 + 2�ß

'XÍ 2� a
2 � b

2 = 2, a2 + b
2 � 2ab = 0ß) a = b = 0.

n! (K12©) 3¢È°› A à1ÉÉ⁄—è2ßï˛ ↵1 = (1, 0,�1)T,↵2 = (1,�1, 0)T

èÇ5êß| Ax = 0 ¸á).
(1) ¶ A ‹AäÜAï˛; (2) ¶› Pß¶ P

T
AP èÈ; (3) ¶› A.

)µ(1) d A(1, 1, 1)T = 2(1, 1, 1)Tßå � = 2 ¥ A òáAäßÖ ↵3 = (1, 1, 1)T ¥ A 
·uAä2Aï˛. 2d A↵1 = 0, A↵2 = 0 ßA Aäè0,0,2. ·uAä0‹
Aï˛è k1↵2 + k2↵2, k1, k2ÿè0. ·uAä2‹Aï˛/X k3↵3, k3 6= 0.

(2) Ú ↵1,↵2 zø¸†zßå �1 = (
1p
2
, 0,� 1p

2
)T,�2 = (

1p
6
,� 2p

6
,
1p
6
)Tß

2Ú ↵3 ¸†zß �3 = (
1p
3
,
1p
3
,
1p
3
)T. K

P = (�1,�2,�3) =

0

BBBBB@

1p
2

1p
6

1p
3

0 � 2p
6

1p
3

� 1p
2

1p
6

1p
3

1

CCCCCA
èÖ˜v P

T
AP =

0

@
0

0
2

1

A.

(5µP ÿçòßêá§› P c¸ �1,�2 Ü �3 = (
1p
3
,
1p
3
,
1p
3
)T §IOï˛|=å)

2



(3)){òµA = P

0

@
0

0
2

1

AP
T =

2

3

0

@
1 1 1
1 1 1
1 1 1

1

A.

){µA(↵1,↵2,↵3) = (0, 0, 2↵3)ß A = (0, 0, 2↵3)(↵1,↵2,↵3)�1 =
2

3

0

@
1 1 1
1 1 1
1 1 1

1

A.

){µ(1) › A =

0

@
a11 a12 a13

a21 a22 a23

a31 a32 a33

1

A ,↵3 =

0

@
1
1
1

1

AßKä‚^áßk A↵1 = A↵2 = 0, A↵3 = 2↵3ß=

8
<

:

a11 � a13 = 0,
a21 � a23 = 0,
a31 � a33 = 0,

8
<

:

a11 � a12 = 0,
a21 � a22 = 0,
a31 � a32 = 0,

8
<

:

a11 + a12 + a13 = 2,
a21 + a22 + a23 = 2,
a31 + a32 + a33 = 2.

) a11 = a12 = a13 = a21 = a22 = a23 = a31 = a32 = a33 = 2/3ß= A =
2

3

0

@
1 1 1
1 1 1
1 1 1

1

A.

|�E �A| = �
2(�� 2)ßkAä � = 0(), 2.

� = 0û,)'Aï˛è:⇠1 = (�1, 1, 0)T, ⇠2 = (�1, 0, 1)T,Aï˛èk1⇠1 + k2⇠2, k1, k2ÿè0.
 � = 2 ûß)'Aï˛èµ⇠3 = (1, 1, 1)TßAï˛è k3⇠3, k3 6= 0.

(2) Ú � = 0 'Aï˛ ⇠1, ⇠2 IOz �1 =
1p
2
(�1, 1, 0)T,�2 =

1p
6
(�1,�1, 2)TßÚ � = 2

'Aï˛ ⇠3¸†z �3 =
1p
3
(1, 1, 1)Tß- P = (�1,�2,�3)ßK P Ö P

T
AP = diag(0, 0, 2).

(3) d(1)Æ A =
2

3

0

@
1 1 1
1 1 1
1 1 1

1

A.

o! (K12©)  n › A = (↵1,↵2, · · · ,↵n�1,↵n) c n� 1 áï˛Ç5'ß
q ↵n = ↵2 + ↵3 + · · ·+ ↵n�1. - � = ↵1 + ↵2 + · · ·+ ↵n.
(1) yµêß| Ax = � k°ı|); (2) ¶êß| Ax = � œ).

)µ(1) œè � å±d ↵1,↵2, · · · ,↵n�1,↵n Ç5L´ßêß| Ax = � k)ß= r(A) = r(A, b).
qœè ↵2, · · · ,↵n�1,↵n Ç5É'ßœd r(A, b) = r(A) < nßlêß| Ax = � k°ı|).
(2) n� 1 = r(↵1,↵2, · · · ,↵n�1)  r(A) < nßœd r(A) = n� 1ßqk ↵2 + · · ·+ ↵n�1 � ↵n = 0ß
u¥ Ax = � œ)è (1, 1, · · · , 1)T + k(0, 1, · · · , 1,�1)Tßk è?ø¢Í.

){µ(1) A = (↵1,↵2, · · · ,↵n�1,↵n)
cn�c1�···�cn�1! (↵1,↵2, · · · ,↵n�1, 0)ß

r(A) = r(↵1,↵2, · · · ,↵n�1) = n� 1ßAx = 0ƒ:)Xòáï˛ßd↵n = ↵2 + ↵3 + · · ·+ ↵n�1ß
0↵1 + ↵2 + ↵3 + · · ·+ ↵n�1 � ↵n = 0ß= ⇠ = (0, 1, 1, · · · , 1,�1)T è Ax = 0 ƒ:)X.
qk � = ↵1+↵2+· · ·+↵n  ⌘ = (1, 1, · · · , 1)T ¥ Ax = � òáA)ß Ax = � œ)è ⌘+k⇠, k 2 R.
dœ)˙™ Ax = � k°ı|).
(2) d(1) Ax = � œ)è ⌘ + k⇠, k 2 R.

 ! (K12©)  A èn›ß�1,�2,�3 ¥ A náÿ”Aäß
ÈAAï˛©Oè ↵1,↵2,↵3ß- � = ↵1 + ↵2 + ↵3.
(1) y �, A�, A

2
� Ç5'; (2) e A

3
� = A�ß¶ù r(A� E) 91™ |A+ 2E|.

(1)y{òµd � = ↵1 + ↵2 + ↵3 9 A↵i = �i↵i (i = 1, 2, 3)ßå
A� = �1↵1 + �2↵2 + �3↵3 , A

2
� = �

2
1↵1 + �

2
2↵2 + �

2
3↵3ß

 k1� + k2A↵+ k3A
2
� = 0ßÚ˛™ì\nå

(k1 + k2�1 + k3�
2
1)↵1 + (k1 + k2�2 + k3�

2
2)↵2 + (k1 + k2�3 + k3�

2
3)↵3 = 0.

œè ↵1,↵2,↵3 ¥náÿ”AäÈAAï˛ß7Ç5'ßu¥0

@
1 �1 �

2
1

1 �2 �
2
2

1 �3 �
2
3

1

A

0

@
k1

k2

k3

1

A = 0.

ŸXÍ1™ö"ßœd7k k1 = k2 = k3 = 0ß �, A�, A
2
� Ç5'.

y{µd � = ↵1 + ↵2 + ↵3 9 A↵i = �i↵i (i = 1, 2, 3)ßå
A� = �1↵1 + �2↵2 + �3↵3 , A

2
� = �

2
1↵1 + �

2
2↵2 + �

2
3↵3ßu¥

3



(�, A�, A
2
�) = (↵1,↵2,↵3)

0

@
1 �1 �

2
1

1 �2 �
2
2

1 �3 �
2
3

1

A = (↵1,↵2,↵3)Bß

 |�, A�, A2
�| = |↵1,↵2,↵3| · |B|ßœè �1,�2,�3 pÿÉ”ß |B| = (�2��1)(�3��1)(�3��2) 6= 0ß

ÖÈAAï˛ ↵1,↵2,↵3 Ç5'ßl |↵1,↵2,↵3| 6= 0ßu¥ |�, A�, A
2
�| 6= 0ß

= �, A�, A
2
� Ç5'.

(2) ){òµd A
3
� = A� å

A(�, A�, A2
�) = (A�, A

2
�, A

3
�) = (A�, A

2
�, A�) = (�, A�, A

2
�)

0

@
0 0 0
1 0 1
0 1 0

1

A = (�, A�, A
2
�)B.

P P = (�, A�, A
2
�)ßP å_Ö P

�1
AP = Bß= A ⇠ BßKèk A�E ⇠ B �E,A+ 2E ⇠ B + 2Eß

œd r(A� E) = r(B � E) = r

0

@
�1 0 0
1 �1 1
0 1 �1

1

A = 2, |A+ 2E| = |B + 2E| =

������

2 0 0
1 2 1
0 1 2

������
= 6.

){µd (A3 �A)� = 0ßå (�3
1 � �1)↵1 + (�3

2 � �2)↵2 + (�3
3 � �3)↵3 = 0ß ↵1,↵2,↵3 Ç5'ß

å �1,�2,�3 ˛˜vêß �
3 � � = 0ßqœè A AäàÿÉ”ßœdêU©O¥ 0,�1, 1ß

 A� E Aäè A Aä~1=-1,-2,0ßpÿÉ”ßåÈzß A� E ⇠ diag(�1,�2, 0)ß
l r(A� E) = 2ß1™ |A+ 2E| = (0 + 2) · (�1 + 2) · (1 + 2) = 6.

){nµd (A3 �A)� = (A� E)(A+ E)A� = (A� E)(A2 +A)� = (A� E)(A2
� +A�) = 0

å ⇠1 = A
2
� +A� ˜v A⇠1 = ⇠1ßœè �, A�, A

2
� Ç5'ß ⇠1 = A

2
� +A� 6= 0ß

u¥ ⇠1 è A ·uAä1Aï˛. ”n ⇠2 = A
2
� �A� 6= 0, ⇠3 = A

2
� � � 6= 0 ©Oè

A ·uAä-1⁄0Aï˛ß3› A kpÿÉ”Aä1,-1,0ß
 A� E Aäè A Aä~1=0,-2,-1ßpÿÉ”ßåÈzß A� E ⇠ diag(0,�2,�1)ß
l r(A� E) = 2ß1™ |A+ 2E| = (1 + 2) · (�1 + 2) · (0 + 2) = 6.

(5µ(2)•XJ^ A
3
� = �

3
�, A� = ��ßAä˜v �

3 � � = 0 ¥Üÿßœè � ÿ¥ A Aä)

8! (K12©) ÆÇ5òm R3 ƒ ↵1,↵2,↵3 ƒ �1,�2,�3 Lfi›è PßÖ

↵1 =

0

@
1
0
1

1

A ,↵2 =

0

@
1
2
2

1

A ,↵3 =

0

@
0
1
0

1

A , P =

0

@
2 1 2
4 0 3
3 �2 2

1

A.

¡¶µ(1) ƒ �1,�2,�3; (2) 3ƒ ↵1,↵2,↵3 Ü �1,�2,�3 e‰kÉ”ãI‹ï˛.
)µ(1) lƒ ↵1,↵2,↵3 ƒ �1,�2,�3 Lfi›è Pß=

(�1,�2,�3) = (↵1,↵2,↵3)P =

0

@
1 1 0
0 2 1
1 2 0

1

A

0

@
2 1 2
4 0 3
3 �2 2

1

A =

0

@
6 1 5
11 �2 8
10 1 8

1

Aß

œdƒ �1 =

0

@
6
11
10

1

A ,�2 =

0

@
1
�2
1

1

A ,�3 =

0

@
5
8
8

1

A.

(2)){òµ§¶ï˛ãIè xßK (↵1,↵2,↵3)x = (�1,�2,�3)x = (↵1,↵2,↵3)Pxß
œè ↵1,↵2,↵3 Ç5'ß§± Px = xß= (P � E)x = 0ß1CÜß

P � E =

0

@
1 1 2
4 �1 3
3 �2 1

1

A !

0

@
1 0 1
0 1 1
0 0 0

1

A ,

 x = (1, 1,�1)Tß§¶ï˛è ↵ = k(↵1 + ↵2 � ↵3) = k(2, 1, 3)TßŸ• k è?ø~Í.
){ §¶ï˛ãIè xßK (�1,�2,�3)x = (↵1,↵2,↵3)xß
= (�1 � ↵1,�2 � ↵2,�3 � ↵3)x = 0ß)êß|

(�1 � ↵1,�2 � ↵2,�3 � ↵3) =

0

@
5 0 5
11 �4 7
9 �1 8

1

A !

0

@
1 0 1
0 1 1
0 0 0

1

Aß

 x = (1, 1,�1)Tß§¶ï˛è ↵ = k(↵1 + ↵2 � ↵3) = k(2, 1, 3)TßŸ• k è?ø~Í.

‘! (K12©) (1) Æ› A ù r(A) = 1ßyµ3ö"ï˛ ↵ ⁄ �ß¶ A = ↵�
T.

(2) Æ› A = ↵1�
T
1 + ↵2�

T
2ßŸ•ï˛ ↵1,↵2 Ç5'ß�1,�2 èÇ5'ßyµr(A) = 2.

yµ(1) r(A) = 1 ` A ùè1ßK A = (↵1,↵2, · · · ,↵n) ?ø¸Ç5É'ß

4



 A òáö"ï˛Pè ↵ßK ↵i = bi↵, i = 1, 2, · · · , nßP � = (b1, b2, · · · , bn)Tß
œèkòá bi è1ßK � ö"ßk A = ↵�

T.

(2)){òµd A = ↵1�
T
1 + ↵2�

T
2 = (↵1,↵2)

✓
�
T
1

�
T
2

◆
9Ç5'5ß

2 = r(↵1,↵2) + r((�1,�2)T)� 2  r(A)  r(↵1,↵2) = 2ß r(A) = 2.

){µd A = ↵1�
T
1 + ↵2�

T
2 = (↵1,↵2)

✓
�
T
1

�
T
2

◆
9Ç5'5ß

2 = r(↵1,↵2) + r((�1,�2)T)� 2  r(A) = r(↵1�
T
1 + ↵2�

T
2 )  r(↵1�

T
1 ) + r(↵2�

T
2 ) = 2ß r(A) = 2.

){nµä‚(ÿµe P 1˜ùßK r(AP ) = r(A). å r(A) = r((↵1,↵2)(�1,�2)T) = r(↵1,↵2) = 2.

){oµd A = ↵1�
T
1 + ↵2�

T
2 = (↵1,↵2)

✓
�
T
1

�
T
2

◆
ß- B =

✓
�
T
1

�
T
2

◆
ßdÇ5'5k r(B) = 2.

êáy Ax = 0 Ü Bx = 0 ”)ß=å r(A) = r(B) = 2.
e x ˜vêß| Bx = 0ßKk Ax = (↵1,↵2)Bx = 0ße x ˜v Ax = 0ß- y = Bxß
Kk (↵1,↵2)y = 0ßdu ↵1,↵2 Ç5'ß y = 0ßu¥ Bx = y = 0ß= Ax = 0 Ü Bx = 0 ”).

y{µ(1) œè r(A) = 1 Çk©) A = P

✓
1

O

◆
Q = Pe1e

T
1 Q = (Pe1)(eT1 Q) = ↵�

Tß

Ÿ• P,Q å_ß↵,�
T ©O¥ P,Q 1ò⁄1ò1ß ↵,� ö".

(2) œè ↵1,↵2 Ç5'ß3å_› P ¶ P (↵1,↵2) =

✓
E2

O

◆
ß

”nkå_› Q ¶ Q(�1,�2) =

✓
E2

O

◆
ß

u¥k PAQ
T = P (↵1�

T
1 + ↵2�

T
2 )Q

T = P (↵1,↵2)

✓
�
T
1

�
T
2

◆
Q

T =

✓
E2

O

◆
(E2, O) =

✓
E2 O

O O

◆
ß

 r(A) = r(PAQ
T) = r

✓
E2 O

O O

◆
= 2.

5



1. Oé1™

��������

20 22 0 0
22 20 0 0
16 30 1 4
30 16 4 1

��������
ä.

)µ

��������

20 22 0 0
22 20 0 0
16 30 1 4
30 16 4 1

��������
=

����
20 22
22 20

���� ·
����
1 4
4 1

���� = (202 � 222)(12 � 42) = 1260.

2. ¶Üï˛ ↵ = (1, 1, 1)T,� = (2, 0, 1)T ˛Ö›è3ï˛.

)µŒ‹^áï˛ (a, b, c)T ˜v

8
<

:

a+ b+ c = 0,
2a+ c = 0,
a
2 + b

2 + c
2 = 9.

) (a, b, c)T = (

p
6

2
,

p
6

2
,�

p
6)T (�

p
6

2
,�

p
6

2
,
p
6)T.

){µ˜vï˛è xßKk

✓
↵
T
x

�
T
x

◆
=

✓
1 1 1
2 0 1

◆
x = ✓.

)ƒ:)Xè (�1,�1, 2)Tß¸†zè

p
6

6
(�1,�1, 2)Tß§¶ï˛è (�

p
6

2
,�

p
6

2
,
p
6)T.

3. 3¢È°› A náAäè �1, 1, 3. ¶g. f(x, y, z) = (x, y, z)A⇤(x, y, z)T .5çÍ
⁄K.5çÍßŸ• A

⇤ ¥ A äë›.
)µ|A| = (�1)⇥ 1⇥ 3 = �3 6= 0ßk A

⇤ = |A|A�1 = �3A�1ßK A
⇤ náAäè 3,�3,�1.

q (A⇤)T = (�3A�1)T = �3(AT)�1 = �3A-1 = A
⇤ß A

⇤ ¥¢È°›ßèg. f(x, y, z) ›ß
ÖkAä 3,�3,�1ß§±g. f(x, y, z) .5çÍè1ßK.5çÍè2.

){µ¢È° A kAä �1, 1, 3ßk› Q ¶ Q
T
AQ = diag(�1, 1, 3) = Bß= A = QBQ

T.
|A| = (�1)⇥ 1⇥ 3 = �3 6= 0ß A

⇤ = |A|A�1 = �3A�1 = �3(QB
�1

Q
T) = Qdiag(3,�3,�1)QTß

- (x, y, z)T = Q(u, v, w)TßKk f(x, y, z) = (u, v, w)diag(3,�3,�1)(u, v, w)T = 3u2 � 3v2 � w
2ß

=g..5çÍè1ßK.5çÍè2.

4. Æ A =

0

@
1 2 1
2 1 1
�1 4 1

1

Aß¶ R3 fòm V = { Ax | x 2 R3 } ëÍ.

)µA =

0

@
1 2 1
2 1 1
�1 4 1

1

A !

0

@
1 2 1
0 3 1
0 0 0

1

Aß r(A) = 2.  V = { Ax | x 2 R3 } ëÍ=Aù=r(A) = 2.

){µœè |A| = 0,

����
1 2
2 1

���� = �3 6= 0ß r(A) = 2ß V = { Ax | x 2 R3 }ëÍ=Aù=r(A) = 2.

){nµA = (↵1,↵2,↵3) =

0

@
1 2 1
2 1 1
�1 4 1

1

A !

0

@
1 2 1
0 3 1
0 0 0

1

Aß ↵1,↵2 å±äèï˛| ↵1,↵2,↵3

òá4å'|ß= V = { Ax | x 2 R3 } = span{↵1,↵2,↵3} ò|ƒß dim(V ) = 2.

){oµ- A =

0

@
1 2 1
2 1 1
�1 4 1

1

A = (↵1,↵2,↵3)ßK¥ï˛ ↵2,↵2 Ç5'ßÖk ↵3 =
1

3
↵1 +

1

3
↵2ß

 ↵1,↵2 ¥ V = { Ax | x 2 R3 } = span{↵1,↵2,↵3} ò|ƒßu¥ dim(V ) = 2.
){ µ|�E �A| = �(�+ 1)(�� 4)ßA Aäè �1 = 0,�2 = �1,�3 = 4ßÈAAï˛ ⇠1, ⇠2, ⇠3

Ç5'. È R3 ?øï˛ x k x = k1⇠1 + k2⇠2 + k3⇠3ßK Ax = k2�2⇠2 + k3�3⇠3 2 span{⇠2, ⇠3}ß
 V ✓ span{⇠2, ⇠3}ßqÈ?ø y = k2⇠2 + k3⇠3 k x =

k2

�2
⇠2 +

k3

�3
⇠3, Ax = yß V ◆ span{⇠2, ⇠3}.

1
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 V = span{⇠2, ⇠3}, dim(V ) = 2.

! (K12©) ¶ï˛| ↵1 = (1,�1, 2, 4)T,↵2 = (0, 3, 1, 2)T,↵3 = (3, 0, 7, 14)T,↵4 = (1,�1, 2, 0)T,↵5 =
(2, 1, 5, 6)Tù,Èßòá4åÇ5'|øÚŸ{ï˛Làè˘|4åÇ5'|Ç5|‹.

)µ(↵1,↵2,↵3,↵4,↵5) =

0

BB@

1 0 3 1 2
�1 3 0 �1 1
2 1 7 2 5
4 2 14 0 6

1

CCA !

0

BB@

1 0 3 0 1
0 1 1 0 1
0 0 0 1 1
0 0 0 0 0

1

CCAß

ï˛|ùè3ß↵1,↵2,↵4 ¥ï˛|òá4åÇ5'|. ↵3 = 3↵1 + ↵2,↵5 = ↵1 + ↵2 + ↵4.

n. (K12©)  A,B,C ¥ná n ¢êß˜v r(AB) = r(B). ¡y r(ABC) = r(BC).
yµêáy ABCx = ✓ Ü BCx = ✓ ”).
w,e x ˜v BCx = ✓ßKk ABCx = A✓ = ✓ß= x è˜v ABCx = ✓.
áÉe x ˜v ABCx = ✓ß- ⇠ = CxßK ⇠ ˜v AB⇠ = ✓.
¥ By = ✓ )òm¥ ABy = ✓ )òmf8ß
d r(AB) = r(B)  ABy = ✓ Ü By = ✓ )òmëÍÉ”ß By = ✓ Ü ABy = ✓ ”)ß
u¥d AB⇠ = ✓ å B⇠ = BCx = ✓ß= x ˜v BCx = ✓.
 ABCx = ✓ Ü BCx = ✓ ”)ßlk r(ABC) = r(BC).

y{µÇk r(ABC)  r(BC).

q r(AB) + r(BC) = r

✓
AB O

O BC

◆
 r

✓
AB O

B BC

◆
= r

✓✓
E �A

O E

◆✓
AB O

B BC

◆◆
= r

✓
O �ABC

B BC

◆

= r

✓✓
O �ABC

B BC

◆✓
E �C

O E

◆◆
= r

✓
O �ABC

B O

◆
= r(B) + r(�ABC) = r(B) + r(ABC).

k r(ABC) � r(AB) + r(BC)� r(B) = r(BC)ßu¥ r(ABC) = r(BC).
y{nµky B = diag(Er, O) ûk r(ABC) = r(BC).

- B = diag(Er, O), A = (A1, A2), A1 2 Rn⇥r
, A2 2 Rn⇥(n�r)ß

Kd AB = (A1, O)  r(AB) = r(A1) = r(B) = rß= A1 è˜ùß

u¥3å_› P ¶ PA1 =

✓
Er

O

◆
ßlk P (A1, O) = diag(Er, O).

 r(ABC) = r((A1, O)C) = r(P (A1, O)C) = r(diag(Er, O)C) = r(BC).
 B è?ø n ›ûß- r(B) = rßKk B = Pdiag(Er, O)QßŸ• P,Q è n å_›.
u¥d˛°(ÿßk
r(ABC) = r((AP )diag(Er, O)(QC)) = r(diag(Er, O)QC) = r(Pdiag(Er, O)QC) = r(BC).

o. (K12©) - A =

0

BB@

0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

1

CCA , B =

0

BB@

a b c d

d a b c

c d a b

b c d a

1

CCAßŸ• a, b, c, d ¥¸¸ÿ¢Í.

(1) Oé A
2
, A

3
, A

4; (2) ¶ B §kAä9ŸÍ.

)µ(1) A2 =

0

BB@

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

1

CCA , A
3 =

0

BB@

0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0

1

CCA , A
4 = E.

(2) |�E �B|

=

��������

�� a �b �c �d

�d �� a �b �c

�c �d �� a �b

�b �c �d �� a

��������
=

��������

�� a� c �b� d �� a� c �b� d

�b� d �� a� c �b� d �� a� c

�c �d �� a �b

�b �c �d �� a

��������

=

��������

�� a� c �b� d 0 0
�b� d �� a� c 0 0
�c �d �� a+ c �b+ d

�b �c b� d �� a+ c

��������
=

����
�� a� c �b� d

�b� d �� a� c

���� ·
����
�� a+ c �b+ d

b� d �� a+ c

����

= ((�� a� c)2 � (b+ d)2)((�� a+ c)2 + (b� d)2)
= (�� a� c� b� d)(�� a� c+ b+ d)(�� a+ c� (b� d)i)(�� a+ c+ (b� d)i) = 0,

2



Aä � = a+ c+ b+ d, a+ c� b� d, a� c+ (b� d)i, a� c� (b� d)iß˛èòAä.
(2)){µ¥ B = aE + bA+ cA

2 + dA
3ß

- f(x) = a+ bx+ cx
2 + dx

3ßK B = f(A)ßu¥ �(B) = f(�(A)).

d |�E �A| =

��������

� �1 0 0
0 � �1 0
0 0 � �1
�1 0 0 �

��������
= �

4 � 1 = 0ßå A Aä � = 1,�1, i,�i.

u¥ �(B) = f(�(A)) = a+ b+ c+ d, a� b+ c� d, a� c+ (b� d)i, a� c� (b� d)iß˛èòAä.

 . (K12©) Ç5òm R4 •k¸|ƒ. "1 = (1, 1, 1, 1)T, "2 = (1, 1,�1,�1)T, "3 = (1,�1, 1,�1)T,
"4 = (1,�1,�1, 1)T ⁄ ⌘1 = (1, 1, 0, 1)T, ⌘2 = (2, 1, 3, 1)T, ⌘3 = (1, 1, 0, 0)T, ⌘4 = (0, 1,�1,�1)T.
(1) ¶lƒ. "1, "2, "3, "4 ƒ. ⌘1, ⌘2, ⌘3, ⌘4 Lfi› P ;
(2) ¶ ⇣ = (1, 0, 0, 2)T 3ƒ. ⌘1, ⌘2, ⌘3, ⌘4 eãI.

)µ(1) (⌘1, ⌘2, ⌘3, ⌘4) = ("1, "2, "3, "4)PßP = ("1, "2, "3, "4)�1(⌘1, ⌘2, ⌘3, ⌘4)

P =

0

BB@

1 1 1 1
1 1 �1 �1
1 �1 1 �1
1 �1 �1 1

1

CCA

�10

BB@

1 2 1 0
1 1 1 1
0 3 0 �1
1 1 0 �1

1

CCA =
1

4

0

BB@

1 1 1 1
1 1 �1 �1
1 �1 1 �1
1 �1 �1 1

1

CCA

0

BB@

1 2 1 0
1 1 1 1
0 3 0 �1
1 1 0 �1

1

CCA =
1

4

0

BB@

3 7 2 �1
1 �1 2 3
�1 3 0 �1
1 �1 0 �1

1

CCA.

(2) §¶ãIè xßKk (⌘1, ⌘2, ⌘3, ⌘4)x = ⇣ßu¥k

x = (⌘1, ⌘2, ⌘3, ⌘4)�1
⇣ =

0

BB@

1 2 1 0
1 1 1 1
0 3 0 �1
1 1 0 �1

1

CCA

�1 0

BB@

1
0
0
2

1

CCA =

0

BB@

�1 1 0 1
�0.5 0.5 0.5 0
3 �2 �1 �1

�1.5 1.5 0.5 0

1

CCA

0

BB@

1
0
0
2

1

CCA =

0

BB@

1
�1/2
1

�3/2

1

CCA.

){µ(1) (⌘1, ⌘2, ⌘3, ⌘4) = ("1, "2, "3, "4)Pß)›êß

("1, "2, "3, "4|⌘1, ⌘2, ⌘3, ⌘4) =

0

BB@

1 1 1 1 1 2 1 0
1 1 �1 �1 1 1 1 1
1 �1 1 �1 0 3 0 �1
1 �1 �1 1 1 1 0 �1

1

CCA !

0

BB@

1 0 0 0 3/4 7/4 1/2 �1/4
0 1 0 0 1/4 �1/4 1/2 3/4
0 0 1 0 �1/4 3/4 0 �1/4
0 0 0 1 1/4 �1/4 0 �1/4

1

CCA,

) P =
1

4

0

BB@

3 7 2 �1
1 �1 2 3
�1 3 0 �1
1 �1 0 �1

1

CCA.

(2) §¶ãIè xßKk (⌘1, ⌘2, ⌘3, ⌘4)x = ⇣ß)êß|

(⌘1, ⌘2, ⌘3, ⌘4, ⇣) =

0

BB@

1 2 1 0 1
1 1 1 1 0
0 3 0 �1 0
1 1 0 �1 2

1

CCA !

0

BB@

1 0 0 0 1
0 1 0 0 �1/2
0 0 1 0 1
0 0 0 1 �3/2

1

CCAß x =

0

BB@

1
�1/2
1

�3/2

1

CCA.

8. (K12©) - A è n ¢È°›.
(1) yÈu?øÍ kß7,3¢È°› B ¶ B

2k+1 = A;
(2) e3¢›C˜vA = C

2ß¥ƒå±`A¥å›e¥,â—y.eÿ¥,â—~f.
yµ(1) A ¢È°ßKk› Q ¶ Q

T
AQ = diag(�1,�2, · · · ,�n) = DßŸ• D ¥¢È›.

- B = Qdiag( 2k+1
p
�1

2k+1
p
�2, · · · , 2k+1

p
�n)QTß¥ B ¢È°.

Ök B
2k+1 = Q(diag( 2k+1

p
�1

2k+1
p
�2, · · · , 2k+1

p
�n))2k+1

Q
T = QDQ

T = Q(QT
AQ)QT = A.

(2) ÿ¥. áÈ°› C =

✓
0 1
�1 0

◆
ßK A = C

2 =

✓
�1 0
0 �1

◆
¥¢È°›ßÿ¥å›.

(2) ){µÿ¥. ¢› C =

✓
a b

c d

◆
, a, b, c, d 2 RßK¢È°› A = C

2 =

✓
a
2 + bc (a+ d)b

(a+ d)c d
2 + bc

◆
.

k (a+ d)b = (a+ d)cßÿî a+ d = 0ßK A =

✓
a
2 + bc 0
0 a

2 + bc

◆
.

å a, b, c ä¶ a
2 + bc < 0ß'X a = d = 0, b = 1, c = �1ßK A = �E ÿ¥å›.

‘. (K12©) ‰kñXÍ a > 0 g. f(x, y, z) = 2x2 + 13y2 + 13z2 + 2ayz LCÜ

3



åCèIO/ g(u, v, w) = 8u2 + 2v2 + 18w2. ¶ a øÈ—òá˘CÜ.

)µg. f(x, y, z) ›è A =

0

@
2 0 0
0 13 a

0 a 13

1

Aß

LCÜIO/ g(u, v, w) ›è B =

0

@
8 0 0
0 2 0
0 0 18

1

A.

 A Équ B. u¥ |A| = 2(132 � a
2) = |B| = 8⇥ 2⇥ 18ßœè a > 0ß) a = 5.

Èu A =

0

@
2 0 0
0 13 5
0 5 13

1

AßÉqu Bß A kAä � = 8, 2, 18.

ÈAu � = 8, 2, 18 ¸†Aï˛è �1 =
1p
2

0

@
0
�1
1

1

A ,�2 =

0

@
1
0
0

1

A ,�3 =
1p
2

0

@
0
1
1

1

A.

- P = (�1,�2,�3)ßK P ¥›ßCÜè

0

@
x

y

z

1

A = P

0

@
u

v

w

1

A =

0

BBB@

0 1 0

� 1p
2

0
1p
2

1p
2

0
1p
2

1

CCCA

0

@
u

v

w

1

A.

4
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ò! {âK(zK7©,4K,O28©)

1. Oé1™

��������

a 0 0 b

0 a b 0
0 b a 0
b 0 0 a

��������
ä.

)µ

��������

a 0 0 b

0 a b 0
0 b a 0
b 0 0 a

��������
= a

������

a b 0
b a 0
0 0 a

������
� b

������

0 a b

0 b a

b 0 0

������
= a

2(a2 � b
2)� b

2(a2 � b
2) = (a+ b)2(a� b)2.

){µ

��������

a 0 0 b

0 a b 0
0 b a 0
b 0 0 a

��������
=

��������

a+ b 0 0 a+ b

0 a+ b a+ b 0
0 b a 0
b 0 0 a

��������
=

��������

a+ b 0 0 0
0 a+ b 0 0
0 b a� b 0
b 0 0 a� b

��������
= (a+ b)2(a� b)2.

2. - A =

0

@
4 7 1
6 3 2
1 0 4

1

AßOé ((A⇤)T)⇤.

)µ((A⇤)T)⇤ = ((A⇤)⇤)T = (|A|A)T = |A|AT = �109

0

@
4 6 1
7 3 0
1 2 4

1

A.

){µd |A| = �109  A
⇤ = |A|A�1ß B = (A⇤)T = |A|(AT)�1ßK |B| = |A|3|(AT)�1| = |A|2.

u¥ ((A⇤)T)⇤ = B
⇤ = |B|B�1 = |A|2|A|�1

A
T = |A|AT = �109

0

@
4 6 1
7 3 0
1 2 4

1

A.

3. ¶¶ê

0

@
3 x 0
x 4 y

0 y 5

1

A §k¢ÍÈ (x, y) 3°ÜãIX•§§´ç°».

)µTêÖ= 12� x
2
> 0 Ö 60� 5x2 � 3y2 > 0. §k˜v˘¸áÿ™¢ÍÈ (x, y) 8‹

è˝
x
2

12
+

y
2

20
< 1. Ÿ°»è ⇡ ·

p
12 ·

p
20 = 4

p
15⇡.

4. ¶ ↵1 = (0, 2, 1, 1, 0)T,↵2 = (3, 4, 2, 1, 1)T,↵3 = (0, 0, 0, 7, 2)T,↵4 = (1, 0, 0, 2, 1)T ò|4å'|ß
øÚŸ{ï˛Làè4å'|Ç5|‹.

)µ(↵1,↵2,↵3) =

0

BBBB@

0 3 0 1
2 4 0 0
1 2 0 0
1 1 7 2
0 1 2 1

1

CCCCA
!

0

BBBB@

1 0 0 �2/3
0 1 0 1/3
0 0 1 1/3
0 0 0 0
0 0 0 0

1

CCCCA
.

 ↵1,↵2,↵3 èò|4å'|ß↵4 = �2

3
↵1 +

1

3
↵2 +

1

3
↵3.(4å'|¿ÿçò)

! (K12©) |^©¨›Oé

0

BB@

0 1 2 3
1 0 3 2
0 0 0 1
0 0 1 0

1

CCA

n

, (n � 1).

)µ- A =

✓
0 1
1 0

◆
, B =

✓
2 3
3 2

◆
. Çk A

2 = E,AB = BA =

✓
3 2
2 3

◆
.œd

M =

0

BB@

0 1 2 3
1 0 3 2
0 0 0 1
0 0 1 0

1

CCA

n

=

✓
A B

O A

◆n

=

✓
A

n
nA

n�1
B

O A
n

◆
.

1



œdß n èÛÍû M =

0

BB@

1 0 3n 2n
0 1 2n 3n
0 0 1 0
0 0 0 1

1

CCAß n è¤Íû M =

0

BB@

0 1 2n 3n
1 0 3n 2n
0 0 0 1
0 0 1 0

1

CCA.

){µ¥ K =

0

BB@

0 1 2 3
1 0 3 2
0 0 0 1
0 0 1 0

1

CCA =

0

BB@

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

1

CCA

0

BB@

1 0 3 2
0 1 2 3
0 0 1 0
0 0 0 1

1

CCA =

✓
A O

O A

◆✓
E D

O E

◆
.

Ÿ• A =

✓
0 1
1 0

◆
, D =

✓
3 2
2 3

◆
ßÖk

✓
A O

O A

◆✓
E D

O E

◆
=

✓
E D

O E

◆✓
A O

O A

◆
, A

2 = E.

u¥K
n =

✓
A O

O A

◆✓
E D

O E

◆
· · ·

✓
A O

O A

◆✓
E D

O E

◆
=

✓
A O

O A

◆n ✓
E D

O E

◆n

=

✓
A

n
O

O A
n

◆✓
E nD

O E

◆
.

 n èÛÍûßk K
n =

✓
E nD

O E

◆
=

0

BB@

1 0 3n 2n
0 1 2n 3n
0 0 1 0
0 0 0 1

1

CCAß

 n è¤Íûßk K
n =

✓
A nAD

O A

◆
=

0

BB@

0 1 2n 3n
1 0 3n 2n
0 0 0 1
0 0 1 0

1

CCA.

n. (K12©) Ç5êß| AX = B • r(A) = 2. ↵1,↵2,↵3 ¥Ÿ)ï˛ß˜v 4↵1 � 3↵2 = (1, 0, 2, 1)T,
2↵2 + ↵3 = (0, 3, 9, 3)T,↵1 + 3↵3 = (0, 0, 4, 4)T. ¶ AX = B œ).

)µdu r(A) = 2ßôÍáÍè4ßAX = ✓ )òmëÍè2.
œè ↵1,↵2,↵3 ¥ AX = B )ï˛ßl

4↵1 � 3↵2 = (1, 0, 2, 1)T,
1

3
(2↵2 + ↵3) = (0, 1, 3, 1)T,

1

4
(↵1 + 3↵3) = (0, 0, 1, 1)T ¥ AX = B )ß

l (1, 0, 2, 1)T � (0, 1, 3, 1)T = (0,�1,�1, 0)T, (0, 1, 3, 1)T � (0, 0, 1, 1)T = (0, 1, 2, 0)T ¥ AX = ✓ 
¸á).5ø˘¸á)Ç5'ßl AX = ✓œ)è k1(1,�1,�1, 0)T+k2(0, 1, 2, 0)T, (k1, k2 2 R).
œd AX = B œ)è (1, 0, 2, 1)T + k1(1,�1,�1, 0)T + k2(0, 1, 2, 0)T, (k1, k2 2 R).

(Kœ)Là™ÿçò)

){µ¥ (4↵1 � 3↵2, 2↵2 + ↵3,↵1 + 3↵3) = (↵1,↵2,↵3)

0

@
4 0 1
�3 2 0
0 1 3

1

A =

0

BB@

1 0 0
0 3 0
2 9 4
1 3 4

1

CCA.

) (↵1,↵2,↵3) =

0

BB@

2/7 1/21 �2/21
9/7 12/7 �3/7
27/7 94/21 1/21
1 1 1

1

CCA ,↵1 =
1

7

0

BB@

2
9
27
7

1

CCA ,↵2 =
1

21

0

BB@

1
36
94
21

1

CCA ,↵3 =
1

21

0

BB@

�2
�9
1
21

1

CCA.

- �1 = ↵2 � ↵1 =
1

21
(�5, 9, 13, 0)T,�2 = ↵3 � ↵1 = � 4

21
(2, 9, 20, 0)T.

w, �1,�2 è AX = ✓ ')ßqd r(A) = 2ß �1,�2 § AX = ✓ òáƒ:)Xß
 AX = B œ)èµ↵1 + k1�1 + k2�2, k1, k2 2 R.

o. (K12©) ^CÜÚ¢g. f(x, y, z) = 3x2 + 4y2 + 5z2 + 4xy � 4yz z§òáIO/ø¶
f(x, y, z) .5çÍ⁄K.5çÍ.

)µ X = (x, y, z)T, A =

0

@
3 2 0
2 4 �2
0 �2 5

1

A. Çk f(x, y, z) = X
T
AX. A Aäè1,4,7. ßÇòáA

ï˛©Oè ↵1 = (�2, 2, 1)T,↵2 = (2, 1, 2)T,↵3 = (�1,�2, 2)T. du˘ná©˛©·È°› Anáÿ

”Aäß§±ßÇ¸¸ßßÇ¸†zß› U = (
↵1

|↵1|
,
↵2

|↵2|
,
↵3

|↵3|
) =

1

3

0

@
�2 2 �1
2 1 �2
1 2 2

1

A.

Çk U
T
AU = diag(1, 4, 7). - (u, v, w)T = U

T
XßIO/è

2



f(u, v, w) = X
T
AX = (u, v, w)UT

AU(u, v, w)T = u
2 + 4v2 + 7w2.

.5çÍè3ßK.5çÍè0. (K•g.zèIO//™ÿçò)

 . (K12©) Ç5òm R3 •k¸|ƒ ↵1 = (1, 1, 0)T,↵2 = (0, 1, 2)T,↵3 = (2, 0, 0)Tß
⁄ �1 = (3, 2, 2)T,�2 = (0, 2, 0)T,�3 = (�2, 2, 4)T. ¡^ �1,�2,�3 Ç5|‹Là ↵1,↵2,↵3.

)µ- (↵1,↵2,↵3) = (�1,�2,�3)PßKk

P = (�1,�2,�3)�1(↵1,↵2,↵3) =

0

@
3 0 �2
2 2 2
2 0 4

1

A
�1 0

@
1 0 2
1 1 0
0 2 0

1

A =
1

8

0

@
2 2 4
3 �1 �2
�1 3 �2

1

A.

k ↵1 =
1

4
�1 +

3

8
�2 �

1

8
�3,↵2 =

1

4
�1 �

1

8
�2 +

3

8
�3,↵3 =

1

2
�1 �

1

4
�2 �

1

4
�3.

){µ(�1,�2,�3,↵1,↵2,↵3) =

0

@
3 0 �2 1 0 2
2 2 2 1 1 0
2 0 4 0 2 0

1

A !

0

@
1 0 0 1/4 1/4 1/2
0 1 0 3/8 �1/8 �1/4
0 0 1 �1/8 3/8 �1/4

1

A.

k ↵1 =
1

4
�1 +

3

8
�2 �

1

8
�3,↵2 =

1

4
�1 �

1

8
�2 +

3

8
�3,↵3 =

1

2
�1 �

1

4
�2 �

1

4
�3.

){nµ
3P

i=1
kij↵i = �j(1  j  3). )

8
<

:

�1 = ↵1 + ↵2 + ↵3

�2 = 2↵1 � ↵3

�3 = 2↵2 � ↵3

.

= (�1,�2,�3) = (↵1,↵2,↵3)

0

@
1 2 0
1 0 2
1 �1 �1

1

A.

l (↵1,↵2,↵3) = (�1,�2,�3)

0

@
1 2 0
1 0 2
1 �1 �1

1

A
�1

ß=k

8
>>>>><

>>>>>:

↵1 =
1

4
�1 +

3

8
�2 �

1

8
�3

↵2 =
1

4
�1 �

1

8
�2 +

3

8
�3

↵3 =
1

2
�1 �

1

4
�2 �

1

4
�3

.

8. (K12©) - A è n ¢XÍÈ°ê.
(1) y A Aäè1-1.
(2) yå±È n á¸¸¸†ï˛ ↵1,↵2, · · · ,↵m,�1,�2, · · · ,�n�m ¶

A↵i = ↵i, A�j = ��j , (1  i  m, 1  j  n�m).
yµ(1) d A 5üå AA

T = En Ö A = A
T. l A

2 = En. œd A ?øAä � ˜v �
2 = 1.

§± A Aäè1-1.
(2) du A ¥È°¢Í›ÖAäè 1  �1ßÿîAä 1 Íè m Aä �1 Í

è n�m. @o3› U = (↵1, · · · ,↵m,�1, · · · ,�n�m) ¶ U
T
AU =

✓
Em O

O �En�m

◆
.

l (A↵1, · · · , A↵m, A�1, · · · , A�n�m) = AU = U

✓
Em O

O �En�m

◆
= (↵1, · · · ,↵m,��1, · · · ,��n�m)ß

=k A↵i = ↵i, A�j = ��j(1  i  m, 1  j  n�m). 5ø ↵1, · · · ,↵m,�1, · · · ,�n�m ¥›
U  n áï˛ß§±¥¸¸¸†ï˛.

y{µ(1) A ¢È°Ößk A
2 = A

T
A = E.  � è A ?òAäßÈAAï˛è ⇠ß

Kk A⇠ = �⇠.  ⇠ = A
2
⇠ = �A⇠ = �

2
⇠ßd ⇠ 6= ✓ß �

2 = 1ß= � = ±1.
(2) A ¢È°ßåÈzß.  A k m áAä 1ß n�m áAä �1ß
KÈAu 1 k m á'Aï˛ßIOz m áIOAï˛ ↵1,↵2, · · · ,↵mß
=k A↵i = ↵i, 1  i  m.
”nkÈAu �1 IOAï˛ �1,�2, · · · ,�n�mßk A�j = ��j , 1  j  n�m.
du ↵i,�j ÈAÿ”Aäßßu¥ ↵1,↵2, · · · ,↵m,�1,�2, · · · ,�n�m ¥IOï˛|.

‘. (K12©) (1) Oén˛n¢êN⁄nen¢êN©O§¢Ç5òmV ⁄WëÍ.
(2) Oé¢Ç5òm V \ W ⁄ V + W ëÍ.

)µ(1) - Eij = ei ej
TßŸ• ei 2 Rn

, i = 1, 2, · · · , n è n ëï˛ßÿ1 i á©˛è1Ÿ{—¥0.

3



K Eij , i = 1, 2, · · · , n, j = i, i+ 1, · · · , n § V ò|ƒßkƒï˛
n(n+ 1)

2
áß

 dim(V ) =
n(n+ 1)

2
.

”n Eij , i = 1, 2, · · · , n, j = 1, 2, · · · , i § V ò|ƒßk dim(V ) =
n(n+ 1)

2
.

(2)¥ V +W = Rn⇥nß dim(V +W ) = n
2ßl dim(V \W ) = dim(V )+dim(W )�dim(V +W ) = n.

(2)){µ¥ V \W ènÈ›§òmßEii, i = 1, 2, · · · , nèò|ƒß dim(V \W ) = nß
K dim(V +W ) = dim(V ) + dim(W )� dim(V \W ) = n

2.

4
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ò! {âK(zK7©ß4KßO28©)

1. Oé1™

��������

1 2 3 4
2 2 3 4
3 3 3 4
4 4 4 4

��������
ä.

)µ|^1™CÜßµ

��������

1 2 3 4
2 2 3 4
3 3 3 4
4 4 4 4

��������
=

��������

1 1 2 3
2 0 1 2
3 0 0 1
4 0 0 0

��������
= �4

������

1 2 3
0 1 2
0 0 1

������
= �4.

2. Oé A =

0

BBBB@

0 2 2 2 2
2 0 2 2 2
2 2 0 2 2
2 2 2 0 2
2 2 2 2 0

1

CCCCA
Aä9ŸÍ.

)µ|�E �A| =

����������

� �2 �2 �2 �2
�2 � �2 �2 �2
�2 �2 � �2 �2
�2 �2 �2 � �2
�2 �2 �2 �2 �

����������

=

����������

�� 8 �2 �2 �2 �2
�� 8 � �2 �2 �2
�� 8 �2 � �2 �2
�� 8 �2 �2 � �2
�� 8 �2 �2 �2 �

����������

=

����������

�� 8 �2 �2 �2 �2
0 �+ 2 0 0 0
0 0 �+ 2 0 0
0 0 0 �+ 2 0
0 0 0 0 �+ 2

����������

= (�� 8)(�+ 2)4.

œd A Aäè 8(Íè1)⁄ �2(Íè4).

3. › A =

0

BB@

p
3

2

1

2

�1

2

p
3

2

1

CCA. ¶ÅÍ n ¶ A
n = E2 §·.

)µ5ø A =

✓
cos ⇡

6 sin ⇡
6

� sin ⇡
6 cos ⇡

6

◆
, A

n =

✓
cos n⇡

6 sin n⇡
6

� sin n⇡
6 cos n⇡

6

◆
. œd n = 12.

){µA
2 =

 
1
2

p
3
2

�
p
3
2

1
2

!
, A

3 =

✓
0 1
�1 0

◆
, A

4 =

 
� 1

2

p
3
2

�
p
3
2 � 1

2

!
, A

5 =

 
�

p
3
2

1
2

� 1
2 �

p
3
2

!
, A

6 = �Eß

A
6+k = �A

k 6= E, k = 1, 2, · · · , 5, A
12 = Eß n = 12.

4. ¶ ↵1=(1, 1, 1, 1, 1)T,↵2=(5, 3, 0,�7, 2)T,↵3=(3, 2, 4, 1, 0)T,↵4=(4, 3,�2,�6, 4)T ò|
4åÇ5'|.

)µ(↵1,↵2,↵3,↵4) !

0

BBBB@

1 5 3 4
0 1 1 0
0 0 1 �1
0 0 0 0
0 0 0 0

1

CCCCA
!

0

BBBB@

1 0 0 2
0 1 0 1
0 0 1 �1
0 0 0 0
0 0 0 0

1

CCCCA
ßå ↵1,↵2,↵3 èò|4åÇ5'|.

!(K12©) - ↵,�, � 2 R3 èò|¸¸¸†ï˛ß- A = �↵
T + ��

T + ↵�
T.

(1) ¶ A↵, A�, A�. â— A òá·uAä 1 Aï˛. (6©)
(2) ¶ |A| ⁄ tr(A). (6©)

)µ(1) œè ↵,�, � 2 R3 è¸¸¸†ï˛ßk A↵ = �(↵T
↵) + �(�T

↵) + ↵(�T
↵) = �ß

A� = �, A� = ↵ßÖ ↵,�, � Ç5'ßl ↵+ � + � 6= ✓.
¥ A(↵+ � + �) = ↵+ � + �. l ↵+ � + � ¥ A òá·uAä 1 Aï˛.

1



(2) Çk A(↵,�, �) = (�, �,↵) = (↵,�, �)

0

@
0 0 1
1 0 0
0 1 0

1

Aßl A Ü B =

0

@
0 0 1
1 0 0
0 1 0

1

A Éq.

œd |A| = |B| = 1, tr(A) = tr(B) = 0.

n!(K12©)  A =

0

@
1 a 0
b 1 a

0 b 1

1

A , (a, b � 0).

(1)  a = 1, b = 2 ûß¡¶ê P ¶ P
�1

AP èÈ›. £10©)
(2)  a, b ˜vüo^áû A {Èz (2©)

)µ(1)  a = 1, b = 2 ûßA =

0

@
1 1 0
2 1 1
0 2 1

1

A.

|�E �A| =

������

�� 1 �1 0
�2 �� 1 �1
0 �2 �� 1

������
=

������

�� 1 �1 0
�2 �� 1 �1

�2(�� 1) 0 �� 1

������
= (�� 1)(�� 3)(�+ 1).

Aäè �1 = 1,�2 = 3,�3 = �1.
å±) �1,�2,�3 §ÈA'Aï˛è ↵1 = (1, 0,�2)T,↵2 = (1, 2, 2)T,↵3 = (1,�2, 2)T.

 P = (↵1,↵2,↵3) =

0

@
1 1 1
0 2 �2
�2 2 2

1

A. Çk P
�1

AP =

0

@
1 0 0
0 3 0
0 0 �1

1

A.

(2) |�E �A| = (�� 1)(�� 1�
p
2ab)(�� 1 +

p
2ab).  ab 6= 0 û A k 3 áÿ”Aäß

AåÈz a = b = 0 ûßA = EåÈz ab = 0 Ö a, b ÿè 0 ûßAknAä1ß
 A ·u 1 'Aï˛áÍè 1ßuAäÍ 3ß A ÿåÈz.
n˛§„ß ab = 0 Ö a, b ÿè 0 û A ÿåÈz.

o!(K12©) ^ê{Ú¢g. f(x, y, z) = x
2 + 5y2 � 2xy + 2xz + 6yz z§òáIO/ßç—

§^Ç5CÜø¶ f(x, y, z) .5çÍ⁄K.5çÍ.
)µÇk f(x, y, z) = (x� y + z)2 + 4y2 � z

2 + 8yz = (x� y + z)2 + 4(y + z)2 � 5z2.
lg.òáIO/è g(u, v, w) = u

2 + 4v2 � 5w2.

zèTIO/§^Ç5CÜè

8
<

:

u = x� y + z,

v = y + z;
w = z.

lIO/å±w—Tg..5çÍè 2ßK.5çÍè 1.

 !(K12©) - V = { x : x = C1 + C2 cos t+ C3 cos2 t+ C4 cos3 t, Ck 2 R, t 2 [0, 2⇡] } è¬3
[0, 2⇡] ˛ºÍ8.
(1) y V NÉÈºÍ\{⁄Í¶$é§òá R ˛Ç5òm. (6©)
(2) y { 1, cos t, cos2 t, cos3 t } è V ò|ƒ. (6©)

yµ(1) ? V •¸áÉ
x = C1 + C2 cos t+ C3 cos2 t+ C4 cos3 t 2 V, y = D1 +D2 cos t+D3 cos2 t+D4 cos3 t 2 V .
K x+ y = (C1 +D1) + (C2 +D2) cos t+ (C3 +D3) cos2 t+ (C4 +D4) cos3 tßŸ• Ck +Dk 2 R.
 x+ y 2 V .
? � 2 R, x = C1 + C2 cos t+ C3 cos2 t+ C4 cos3 t 2 Vß
K �x = (�C1) + (�C2) cos t+ (�C3) cos2 t+ (�C4) cos3 tßŸ• �Ck 2 R.  �x 2 V .
Ç V ÉÈu\{⁄Í¶˜vµ45.
N¥yµÈ?ø x, y, z 2 Vßk x+ y = y + x, (x+ y) + z = x+ (y + z)ß
V •"Éè x = 0ß x = C1 + C2 cos t+ C3 cos2 t+ C4 cos3 t KÉè
�x = �C1 � C2 cos t� C3 cos2 t� C4 cos3 t.
È?ø �, µ 2 R, x, y 2 Vßk (�+ µ)x = �x+ µx,�(x+ y) = �x+ �y,�(µx) = (�µ)x, 1x = x.
 V NÉÈºÍ\{⁄Í¶$é§òá R ˛Ç5òm.

(2) w, 1, cos t, cos2 t, cos3 t å±L´ V §kÉße°yÇ5'.
 4 á¢Í C1, C2, C3, C4 ¶Èu?ø t 2 [0, 2⇡]ßk C1 + C2 cos t+ C3 cos2 t+ C4 cos3 t = 0.

 t1 = 0, t2 = ⇡/4, t3 = ⇡/2, t4 = ⇡. Çk

8
>><

>>:

C1 + C2 cos t1 + C3 cos2 t1 + C4 cos3 t1 = 0,
C1 + C2 cos t2 + C3 cos2 t2 + C4 cos3 t2 = 0,
C1 + C2 cos t3 + C3 cos2 t3 + C4 cos3 t3 = 0,
C1 + C2 cos t4 + C3 cos2 t4 + C4 cos3 t4 = 0.

(⇤)

2



dâÑ1™å

��������

1 cos t1 cos2 t1 cos3 t1
1 cos t2 cos2 t2 cos3 t2
1 cos t3 cos2 t3 cos3 t3
1 cos t4 cos2 t4 cos3 t4

��������
6= 0ßœdêß|(*) êk").

=C1 = C2 = C3 = C4 = 0ßl 1, cos t, cos2 t, cos3 t Ç5'.

8!(K24©)  B è n ¢È°›ßE è n ¸†›.

(1) Oé

✓
E �B

O E

◆T✓
E B

B E

◆✓
E �B

O E

◆
. (6©)

(2)  A è m ¢È°›ßC è m å_¢›. y A Ö= C
T
AC . (6©)

(3) y E �B
2 èÈ°›. y E �B

2 Ö= B §kAä˝Èäu1. (6©)

(4) |^±˛(ÿy¢È°›

✓
E B

B E

◆
Ö= B §kAä˝Èäu1. (6©)

)µ(1)

✓
E �B

O E

◆T✓
E B

B E

◆✓
E �B

O E

◆
=

✓
E O

O E �B
2

◆
.

(2) œè C å_ß A Ü C
T
AC ‹”ßk‹”'XÈ°›kÉ”5ßœèßÇ—‹”uE.

(3) (E �B
2)T = E

T � (B2)T = E �B
T
B

T = E �B
2. §± E �B

2 ¥È°›.
œè �(E �B

2) = 1� �(B2) = 1� �(B)2ßd E �B
2
, B È°5ßk

E �B
2,§k�(E �B

2) > 0 , 1� �(B)2 > 0 , |�(B)| < 1 , B§kAä˝Èäu1.
(3) y{µ(E �B

2)T = E
T � (B2)T = E �B

T
B

T = E �B
2. §± E �B

2 ¥È°›.
- P è›¶ P

T
BP = diag{�1, · · · ,�n}. Çk P

T(E�B
2)P = diag{1��1, · · · , 1��n}.

œdßE �B
2 , E �B

2Aä˛è¢Í,È?ø i = 1, · · · , n, k1� �
2
i > 0

,È?ø i = 1, · · · , n,k |�i| < 1 , B§kAä˝Èäu 1.

(4) d(1)⁄(2)ßÇ

✓
E B

B E

◆
Ö=

✓
E O

O E �B
2

◆
.

©¨›

✓
E O

O E �B
2

◆
Ö=Ÿ.5çÍè 2nßÖ= E �B

2 .5çÍè nß

Ö= E �B
2 . d(3)ßÇ E �B

2 Ö= B §kAä˝Èäu 1.

n˛§„ß

✓
E B

B E

◆
Ö= B §kAä˝Èäu1.
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ò! {âK(zK7©ß4KßO28©)

1. › A =

0

@
2 1 0
3 2 0
2 4 �2

1

A , B =

0

@
2 1 2
0 3 �1
0 0 5

1

A , C = ABßOé1™ |C| ä.

)µ|C| = |A| · |B| = �2⇥ 30 = �60.

){µ|C| =

������

4 5 3
6 9 4
4 14 �10

������
= �60.

2. › A =

0

BB@

2 3
1 �2
�1 3
2 5

1

CCA

✓
1 �1 2 3
2 1 �2 9

◆
ß¶‡gÇ5êß| Ax = ✓ ƒ:)X.

)µA =

0

BB@

8 1 �2 33
�3 �3 6 �15
5 4 �8 24
12 3 �6 51

1

CCA !

0

BB@

1 0 0 4
0 1 �2 1
0 0 0 0
0 0 0 0

1

CCAßƒ:)Xè ↵1 = (0, 2, 1, 0)T,↵2 = (�4,�1, 0, 1)T.

){µ A = BCß¥ B˜ùß Ax = BCx = By = ✓ dêß| Cx = y = ✓.

C =

✓
1 �1 2 3
2 1 �2 9

◆
!

✓
1 0 0 4
0 1 �2 1

◆
ßƒ:)Xè ↵1 = (0, 2, 1, 0)T,↵2 = (�4,�1, 0, 1)T.

){nµ–1CÜA =

0

BB@

2 3
1 �2
�1 3
2 5

1

CCA

✓
1 �1 2 3
2 1 �2 9

◆
!

0

BB@

1 0
0 1
0 0
0 0

1

CCA

✓
1 �1 2 3
2 1 �2 9

◆
!

0

BB@

1 0 0 4
0 1 �2 1
0 0 0 0
0 0 0 0

1

CCA,

ƒ:)Xè ↵1 = (0, 2, 1, 0)T,↵2 = (�4,�1, 0, 1)T.

3. kg. f(x1, x2, x3) = 3x2
1 � 2x1x2 + 2x2

2 � 4x2x3 + 4x2
3ßOég.K.5çÍ.

)µA =

0

@
3 �1 0
�1 2 �2
0 �2 4

1

A
c2+0.5c3
r2+0.5r3!

0

@
3 �1 0
�1 1 0
0 0 4

1

A
c1+c2
r1+r2!

0

@
2 0 0
0 1 0
0 0 4

1

Aß.5çÍè3ßK.5çÍè0.

){µf = (2x3 � x2)2 + (x2 � x1)2 + 2x2
1 = y21 + y22 + 2y23ß.5çÍè3ßK.5çÍè0.

4.  T è3ë¢Ç5òm V ˛Ç5CÜß✏1, ✏2, ✏3 è V ˛ò|ƒßV •3áï˛ ↵1,↵2,↵3 k'X
T↵1 = ↵3, T↵2 = ↵1, T↵3 = �↵2ß↵1,↵2,↵33ƒ ✏1, ✏2, ✏3eãIè (1, 0, 0)T, (�1, 2, 0)T, (1, 2,�1)Tß
¶ T 3ƒ ✏1, ✏2, ✏3 e› A.

)µ- P =

0

@
1 �1 1
0 2 2
0 0 �1

1

A , B =

0

@
0 1 0
0 0 �1
1 0 0

1

AßK (↵1,↵2,↵3) = (✏1, ✏2, ✏3)PßT (↵1,↵2,↵3) = (↵1,↵2,↵3)Bß

|P | 6= 0ß P èƒ ✏1, ✏2, ✏3 ƒ ↵1,↵2,↵3 Lfi›ßB è T 3ƒ ↵1,↵2,↵3 e›ß

u¥ B = P�1APß A = PBP�1 =

0

@
1 1 2
2 1 6
�1 �0.5 �2

1

A.

!(K12©)  A =

0

@
k 1 1
1 2 1
1 1 2

1

AßŸ• k èÎÍ.

(1) e � = (1, 2, 1)Tß¶ÎÍ k âå¶ �, A�, A2� Ç5É'.
(2) e A kAä 1, 2, 5ß¶ÎÍ k âå.

)µ(1) |�, A�, A2�| =

������

1 k + 3 k2 + 3k + 11
2 6 k + 20
1 5 k + 19

������
= 3k2 � 8k + 4 = 0ß) k = 2 ⁄ k = 2/3.

(2) œèk tr(A) = k + 4 = 1 + 2 + 5ß k = 4.
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n!(K12©)  A 2 R3⇥3 kAä �1 = 1,�2 = 2,�3 = 3ß↵1 = (1, 2, 1)T,↵2 = (2, 1, 1)T,
↵3 = (2, 0, 1)T èÈAAï˛.

(1) Oé B = 2E +A Aä⁄Aï˛.
(2) e C 2 R3⇥3 k'X C↵1 = (1 + �1)↵1, C↵2 = (2 + �2)↵2, C↵3 = (3 + �3)↵3ßOé› C.

)µ(1) ¥ B↵i = (2E +A)↵i = 2↵i + �i↵i = (2 + �i)↵i, i = 1, 2, 3ß B Aï˛è 3, 4, 5ß
ÈAAï˛è k1↵1, k2↵2, k3↵3, k1, k2, k3 2 R, k1, k2, k3 6= 0.

(2) ¥ C(↵1,↵2,↵3) = (2↵1, 4↵2, 6↵3)ßk

C = (2↵1, 4↵2, 6↵3)(↵1,↵2,↵3)�1 =

0

@
2 8 12
4 4 0
2 4 6

1

A

0

@
1 2 2
2 1 0
1 1 1

1

A
�1

=

0

@
2 �4 8
4 4 �8
0 �2 6

1

A.

o!(K12©)  A =

0

@
1 2 �1
2 �2 2
�1 2 1

1

Aß¶› Q ¶ QTAQ èÈ›.

)µ|�E �A| = (�� 2)2(�+ 4) = 0ß A kAä � = 2(2),�4.

� = 2 ûßk 2E �A !

0

@
1 �2 1
0 0 0
0 0 0

1

Aßƒ:)X ↵1 =

0

@
2
1
0

1

A ,↵2 =

0

@
�1
0
1

1

AßIOz

 �1 =
1p
5
(2, 1, 0)T,�2 =

1p
30

(�1, 2, 5)T.

(ˆIOz ↵2,↵1  �1 =
1p
2
(�1, 0, 1)T,�2 =

1p
3
(1, 1, 1)T)

� = �4 ûßk �4E �A !

0

@
1 0 �1
0 1 2
0 0 0

1

Aß¸†Aï˛ �3 =
1p
6

0

@
1
�2
1

1

A.

- Q = (�1,�2,�3)ßKk Q è›ßÖk QTAQ = diag(2, 2,�4).

 !(K12©)  f(x1, x2, · · · , xn) = f(x) = xTAx è¢g.ßŸ• A 2 Rn⇥n, AT = A,
x 2 Rnß↵1,↵2, · · · ,↵n 2 Rn èÇ5'ï˛|.

(1) yeg. f(x) èg.ßKk f(↵i) > 0, i = 1, 2, · · · , n.
(2) fi—á~`d f(↵i) > 0, i = 1, 2, · · · , n ÿU— f(x) ¥g..

yµ(1) œè ↵1,↵2, · · · ,↵n 2 Rn èÇ5'ï˛|ß ↵i 6= ✓, i = 1, 2, · · · , n.
u¥d5 f(↵i) > 0, i = 1, 2, · · · , n.

(2) á~µA =

✓
1 �2
�2 1

◆
,↵1 =

✓
1
0

◆
,↵2 =

✓
0
1

◆
,� =

✓
1
1

◆
.

↵1,↵2 Ç5'ßÖk f(↵1) = 1 > 0, f(↵2) = 1 > 0ß¥ f(�) = �2 < 0ß f(x) ö.

8!(K12©)  W1,W2,W3 è R4 ˛fòmßŸ• ↵1 = (1,�2, 1, 2)T,↵2 = (1, 0,�5, 6)T è W1 
ò|ƒß�1 = (1,�1,�2, 4)T,�2 = (�2, 3, 2, 2)T è W2 ò|ƒß�1 = (1, 2,�1,�2)T,
�2 = (2, 1, 2,�4)T è W3 ò|ƒ.

(1) ¶fòm W1 +W2 ò|ƒ.
(2) ¶fòm (W1 +W2) \W3 ò|ƒ.

)µ(1) W1 +W2 = span{↵1,↵2,�1,�2}ßÈ W1 +W2 ƒêáÈï˛| ↵1,↵2,�1,�2 4å'|=å.

(↵1,↵2,�1,�2) !

0

BB@

1 0 0.5 0
0 1 0.5 0
0 0 0 1
0 0 0 0

1

CCAß (!

0

BB@

1 1 1 �2
0 2 1 �1
0 0 0 1
0 0 0 0

1

CCA) å ↵1,↵2,�2 äèò|ƒ.

(2) ï˛ ⇠ 2 (W1 +W2) \W3ßk ⇠ = x1↵1 + x2↵2 + x3�2 = x4�1 + x5�5.
= (↵1,↵2,�2, �1, �2)x = ✓, x = (x1, x2, x3,�x4,�x5)T.

)êß| (↵1,↵2,�2, �1, �2) !

0

BB@

1 0 0 0 1
0 1 0 0 �0.5
0 0 1 0 0
0 0 0 1 1.5

1

CCA ƒ:)X ⌘ =

0

BBBB@

�2
1
0
�3
2

1

CCCCA
ß

 ⇠ = x1↵1 + x2↵2 + x3↵3 = (�1, 4,�7, 2)T åäèfòm (W1 +W2) \W3 ò|ƒ.
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‘!(K12©) (1) A=(aij)n⇥n2Rn⇥n ˜v|aii| >
P

j=1,2,···n
j 6=i

|aij |, i = 1, 2, · · · , nßyAx = ✓êk").

(2)  B = (bij)n⇥n 2 Rn⇥nßs = 1 +
nP

i=1

nP
j=1

|bij |ß|^(1)(ÿy› C = sE +B å_.

yµ(1) áy{ßb Ax = ✓ kö") x = (x1, x2, · · · , xn)T 6= ✓ßxk ˜v |xk| = max
i=1,2,··· ,n

|xi| > 0ß

w Ax = ✓ 1káêßµak1x1 + · · ·+ akkxk + · · ·+ aknxn = 0ßu¥k
|�akkxk| = |

P
j=1,2,··· ,n

j 6=k

akjxj | 
P

j=1,2,··· ,n
i 6=k

|akjxj | 
P

j=1,2,··· ,n
i 6=k

|akj |·|xk|  |xk|(
P

j=1,2,··· ,n
i 6=k

|akj |) < |xk|·|akk|.

—gÒß Ax = ✓ êk").

(2) ¥ C = (cij)n⇥n k

⇢
cij = bij , i 6= j,
cij = s+ bij i = j.

 |cii| = |s+ bii| � s� |bii| � 1 +
P

j=1,2,··· ,n
j 6=i

|bij | >
P

j=1,2,··· ,n
j 6=i

|cij |, i = 1, 2, · · · , n. = C ˜v(1)

^áß Cx = ✓ êk")ß C å_.
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